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General Instructions

o Reading Time — 5 minutes

0]

Working Time — 3 hours
Write using a black or blue pen

Approved calculators may be used

o O O

A table of standard integrals is
provided at the back of this paper.

o All necessary working should be-
shown for every question.

o Begin each question on a fresh
sheet of paper.

Total marks (120)
o Attempt Questions 1-8

o All questions are of equal value
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Total Marks — 120
Attempt Questions 1-8
All Questions are of equal value

Begin each question on a NEW SHEET of paper, writing your name and question

number at the top of the page. Extra paper is available.

Question 1 (15 marks) Use a SEPARATE sheet of paper.

2

étanx
a) Find J-————dx
cos‘ x

b) i) Use partial fractions to evaluate
J 5dt
, (2t+1)(2-2)

ii) Hence, and by using the substitution = tan % , evaluate

[

J do
o 3sin@+4cosb

¢) By using the table of standard integrals and manipulation, find

1
J' dx
o Va4x* +36
d If I=Je"sinxdx, find I

e) By completing the square find

I dx
V1-4x—x*

End of Question 1
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Question 2 (15 marks) Use a SEPARATE sheet of paper. Marks

: 5
.a) Given z; =iv2 and z, =1———_
-

i)  Express z, and z, in Mod/ Arg form. 2

ii) If z, = wz,, find the complex number @ in Mod / Arg form. 1
iii) @) Onthe Argand diagram plot the points P and Q representing the 1

complex numbers z, and z, respectively.

B) Show how to construct the point R representing z, + z, . 1
iv) @) Find arg(z,+2,) . @
B) Find the exact value of tan%r R ' @\

b) Draw a diagram to illustrate the locus of points z in the complex

plane such that
)  Arg (Z—"—lj =Z 2
z+1 4
i) Re(z)<!and |z-3+4i|<5 | 2
i) |z-3|+]z+1=6 | 2

c) Given that (x—2) isa factor of x’—4x’+7x~6 reduce

x* —4x* +7x-6 toirreducible factors over the complex field. 2

End of Question 2

-3-
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Question3  (15marks)  Usea SEPARATE sheet of paper.

a)

b)

The sketch below is the even function y = f(x).

-2

Mark

On separate diagrams sketch each of the following , clearly showing all important features

(Each of the graphs for the questions below to be done on the sheets with the graph of |

y = f(x) provided)

) y=r(x)-2
i) y= f(x—2)
i) y=|f(x)

iv) y=[f@f

_ 1
T f(®)
*=f(x)
= VIR

Nine people gather to play football by forming two teams of four to play each other

v)

vi)

with the remaining person to be the referee.
i) In how many ways can the teams be formed

ii) If two particular people are not to be in the same team , how many ways are
there then to choose the teams

A particle moving in Simple Harmonic Motion has a speed of 1043 ms™ at the centre

of its motion. Find its speed when it is at half of its amplitude.

End of Question 3
-4
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Question 4 - (15 marks) Use a SEPARATE sheet of paper.

a)

b)

Show that the area enclosed between the parabola x* = 4ay and its
L 8ar
latus réctum is —;l— units?.

(The latus rectum is the focal chord perpendicular to the axis of the parabola )

2 y2

A solid figure has as its base, in the xy plane, the ellipse %5— + — =1.

4

Cross-sections perpendicular to the x-axis are parabolas with latus rectums

in the xy plane.

i) Show that the area of the cross-sectionat x=~h is

[Use your answer to part (a)]

ii) Hence, find the volume of this solid.

i) Prove that I: f(x)dx= j:f(a—x)dx , (Let u=a—x)

ii) Consider f(x)= where 0< x s% and f (-7-2[—) =0

l+tanx

show that f(x)+f(%—x)=1

iii) Hence evaluate F—-——l———dx

0 1+tanx

End of Question 4

units”.

Marks
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2)

b)

Questioh 5

i)

iif)

~ (15 marks) Use a SEPARATE sheet of paper.
A P
On the same diagram sketch the graphs of the ellipses E; :—4— + EY =1
x2 y2
and E, :-l—-é- +Ti =1, showing clearly the intercepts on the axes. Show

the coordinates of the foci and the equations of the directices of the ellipse E, .

P(Z cos p, J3sin p) where 0< p <—;£ , 1s a point on the ellipse E, . Use

differentiation to show that the tangent to the ellipse E, at P has equation

xcosp+ysinp -1

2 V3

The tangent to the ellipse E, at P meets the ellipse E, at the points

Q(4cosq,2x/§sinq) and R(4cbsr,2«/§sinr) , Where —-w<q<nmw

and 7w <r<z. Show that g and r differ by ZT”

Let P(x)=x"-5x+2 . The equation P(x)=0hasroots a,f,yands .

i)

ii)

ii)

Mark

Evaluate P(0)& P(1). Hence show that the equation x* —5x+2=0 has a real root

between x=0 and x =1
Find the monic equation with roots a?, 5%,y and 5% . Hence or otherwise
show that o’ + B2 +y* +6° =0.

Find the number of non-real roots of x* ~5x+2 =0, giving full reasons for

your answer.
End of Question 5
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Question 6 (15 marks) Use a SEPARATE sheet of paper. Marks
a) 1) Given z=cos6+isin®, showthat z"+z " =2cosnb. : 2
ii)  Write down (z +2z7! ) in terms of cosné - 1
iii) Show that (z+27) =2* +4z* + 64477 47 | 1
iv) Hence, express cos*® in terms of cos #0. @
T
2
v) Using your answer to part (ii), evaluate cos*0do. : 6)
, 0
b)

1\.

XY is a fixed chord of a circle. Z is a poifit on the major arc XY. The perpendicular
from X to the chord YZ meets YZ at A. The perpendicular from Y to the chord XZ meets
XZ atB. LXZY =« '

i)  Copy the diagram

ii)  Show that ABXY is a cyclic quadrilateral 1

sm\of '
i{i) Show that \ABZ NIAXYZ . 2
iv) Hence show that AB= XY cosa. 2

v)  Deduce that as Z moves on the major arc XY , the length of -
AB is constant. _ - 1
End of Question 6
-7 -



Trial HSC Examination 2007

Mathematics Extension

Questioh 7

(15 marks) Use a SEPARATE sheet of paper.

a) A mass of mkgis allowed to fall under gravity from a stationary position
h metres above the ground. It experiences resistance proportional to the

square of its velocity, vms™

i)

iii)

Explain why the equation for this motionis X¥=g-— v,
(where k is a constant).

Show that X = viil
dx

Hence show that v? = ii—(l g kx )

Find the velocity at which the mass hits the ground in terms of g, 4 and £.

Calculate the terminal velocit-y of the object , given that % is sufficiently

large to allow terminal velocity to be reached.

On the same axes sketch the graphs of y =v1-x* and y = " ! >
' -x
The region bounded by the curve y = —1—2 , the coordinate
1-x

. 1. .
axes and the line x = > is rotated through one complete revolution

about the line x = 6. Use the method of cylindrical shells to show that

volume V units® of the solid of revolution is given by

_ Y, 6—-x
V_27r-[12\/—1——:_;7_dx

Hence find the value of ¥ in simplest exact form

End of Question 7

Mark
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Questioh 8 (15 marks) Use a SEPARATE sheet of paper.
D) IfL=[(x ~1)dx , n=012,... show that

-2n
2n+1

n=

ii)  Hence use the method of Mathematical Induction to show that

ey

" (2n+l)

for all positive integers n

ie P(x)= (x2 - az).Q(x)+ px+q for some polynomial 0(x)

. 1 ' 1
i)  Show that p=—2—;{P(a)—P(—a)} and ¢ =§-{P(a)+P(—-a)}
ii)  Find the remainder when the polynomial P'(x) =x"—a" is divided

by x*—a*® for the cases

a) neven

B) n odd

End of Examination

b) A polynomial P(x) is divided by x* —a® where a #0 and the remainder is px+g¢.

Marks

4
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